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1. Let v € C and consider the function f(z) = 27 = €718(*), Show that it is holomorphic on the
domain & = C\ {z: Im(z) = 0, Re(z) < 0} and that its derivative satisfies

fiz) =72"""

2. Consider the function f(z) = log(1+ 2%). What is its domain of definition? What is the biggest
open subset of C on which f(z) is holomorphic? Compute its derivative.

3. (Matriz representation of complex numbers) For any complex number z = x + yi, z,y € R,

define the 2 x 2 matrix M(z) by
- (T Y
M(z) = (y . ) .

M(z1+2) = M(21)+M(23), M(z1-20) = M(21)-M(2;) and, for z#0: M(z7!) = (M(z))_l.

Show that

4. Let z =x+yi — f(2) = u(z,y) + v(z,y)i be an entire function. Define the following vector

fields on R?:
Pl = (50) . e = (100)).

—U(LU, Yy u(x, y)
Compute the divergence and the curl of F' and G.

5. Let f: C — C be holomorphic. Show that if Re(f) is constant, then f is also constant. (Hint:
Use the Cauchy—Riemann equations.). Similarly, show that if | f| is constant, then f is constant.

6. Compute the following contour integrals:
(a) fw(zz + 1) dz, where v = [1,1 + 7] (line segment connecting 1 with 1+ 7).
(b) f7 Re(2?) dz, where v = {z : |z| = 1} oriented counter-clockwise.

(c) [, %5 dz, where v = {z : |2| = 1} oriented clockwise.
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Solutions

1. (a) Holomorphicity:
The logarithm function f(z) = log(z) is holomorphic on C\ {z : Im(z) = 0, Re(z) < 0}
(the complex plane minus the non-positive real axis). The function g(z) = e7* is entire.
Therefore, €71°¢6() is holomorphic on €\ {z : Im(z) = 0, Re(z) < 0} as the composition
go f(z).

(b) Derivative:

Using the chain rule (g(f(z)))/ =4(f(2)) - f'(z), we compute:

f(Z) — e'ylog(z) — f/(Z) _ eylog(z) i (’Y log(z))/ _ 67log(z) . 1 — ,yz'y—l
<z

2. Recall that the domain of definition of log(z) is C \ {0}, while the domain on which it is
holomorphic is C\ {z : Im(z) = 0, Re(z) < 0}. So, for f(z) = log(1 + 22):
— Domain of definition: We must have 1 + 2% # 0, so the domain is C \ {4, —i}.

— Domain of holomorphicity: We must have 1 + 22 € C\ {z : Im(z) = 0, Re(z) < 0}. If

z = x + yt, then

1+ 2% =14 2% — y? + 2zyi,
so 1422 € {z:Im(z) =0, Re(z) < 0} if and only if

20y =0 and 1+ 2% —y* <0.
The first relation above yields x = 0 or y = 0. If y = 0, the second relation becomes
1 + 2? < 0, which is impossible (recall that z,y are real). For x = 0, the second relation
becomes

Y’ > 14 ye (oo, —1] U1, +00).

So f(z) is holomorphic for z € C\ {yz cy € (—oo,—1] UL, +oo)}, i.e. on C without two
imaginary half-lines, one emanating from +: towards +oo¢ and the other from —i towards
—001.

3. (a) Addition Property:

21+ 29 = (xl + .TQ) + (y1 + yz)Z

(i —(y1 + )
Mz +2) = (yl +TY2  T1+ @2

T Yo To Y1+ Y2 T1 + X9

M(z1) + M(z) = (zi _y1> + <“’2 _92) _ (951 +r —(n +yz)>

Thus,
M(z1 + 29) = M(2z1) + M(22)
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(b) Multiplication Property:

21 - 29 = (2122 — 11Y2) + (T1y2 + 22411
M(z1 - 25) = 1129 — Y1y —(T1y2 + T2y1)
b T1Y2 + ToY1 T1T2 — Y1Y2

M(z1) - M(2) = (;

Thus,

(c) Inverse Property:

Thus,

T1Z2 — Y1Y2

—Yi) (T2
T Y2

M(Zl . 22)

Y21\ _ (T1%2 — Y1Y2 —(x1Y2 + x211)
Ta T1Y2 + Tl

M(z1) - M(22)

4 Tyl
x? + y?
T Y
-1\ _ $2+y2 z2+y2
e = (7
:E2+y2 :E2+y2

€T
v oy\_ (=5
(‘y I) (—ﬁ

M(z ) =M(2)™*

_Y _
$2+y2
_z
x2+y2

4. Recall that, for a vector field V' (z,y) = (Vi(z,y), Va(z,y)), we define

div(V) = % + 88_‘;2 and curl(V) = % - 38_‘;1
So, using the Cauchy-Riemann equations
ou_ov ou_ oo
or 0Oy Oy ox’
we immediately calculate: 5 5
div(F) = 5= + (ay”) —0,
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5. (a)

(b)

curl(F) = 8(8—;1) — g—Z =0,
div(G) = % Z—Z =0,
curl(G) = % - g—;j =0

If Re(f) is constant: Let f(z) = u(z,y) + iv(z,y), where u is constant.
By the Cauchy-Riemann equations:

ou Ov q ou ov

- = an - =

or 0Oy dy ox
Since u is constant, g—z = % =0.

Y

Therefore, g—z =0 and 3—22 = 0, implying that v is also constant.
Hence, f(z) is constant.
If | f| is constant: Let |f(2)| = ¢, so u? +v* = ¢*. If ¢ = 0, then u = v = 0, which implies
that f is constant in this case. So it remains to treat the case when ¢ # 0; in this case,

at every point (x,y), at least one of u(x,y) and v(x,y) is non-zero. Differentiating both
sides with respect to x and y:

ou ov ou ov

2u— +2v— =20 d 2u—+2v— =0
Yor * e an u@y * Uay
or, after dividing by 2:
ou ov ou v
— — =0 d u— — =0
u8x+vam an “ay —H)ﬁy
The Cauchy-Riemann equations read % = g—z and ‘g—’; = —g—;, so we get from the above:
ou ou ou ou
— —v— =0 d u— — =0.
u@x vay an ”ay+”am

As we said in the beginning, at every point, at least one of the u, v is non-zero. Assume,
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without loss of generality that u # 0 (the argument will be analogous if v # 0): Dividing
then the above with u, we get

u_wvou . Ou_ vou
or  wdy oy  udx’

Using the first equation for the right hand side of the second, we get:
ou v ou v\20u v\ 2\20u ou
—=———=—(-) =<1 — —=0& —=0.
y uor <u> dy ( + (u) ) dy dy

This implies from the first equation that also 2% = 0, so w is constant. Similarly, v is

Ox
constant. Therefore, f(z) is constant.
6. (a)
/ (22 +1)dz
gl

Parametrize v: v(t) =1 +it, t € [0,1]. So ~/(t) = 1.
The integral becomes:

1 1 1
/[(1+it)2+1]-idt:i/(1+2z’t—t2+1)dt:z’/(2+2it—t2)dt
0 0 0
aak 1 5 5i
:i[2t+z’t2—§]0=z‘(2+z’—§>:z’(§+i):—1+§Z

LRe(zQ) dz

Parametrize v: v(0) = ¢, 0 € [0,27]. v/ (0) = ie®.
Re(2%) = Re(e??) = cos(26).
The integral becomes:

(b)

2m 2m
/ cos(20) - ie" df = z/ cos(20)e” df
0 0

Using Euler’s formula:

621'6' + 6—21‘9

cos(20) = 5

The integral becomes:
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1
/ 22—1- d-
5 2+ 2
Parametrize v: v(0) = e, 0 € [0, 2] (clockwise direction).
The roots of 22 +2 =0 are z = ii\/i, both outside the unit circle.

By Cauchy’s theorem, since ;2112 is holomorphic in an open disk containing the unit circle,
the integral result is 0.

(c)
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